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[1] We use the three‐dimensional full‐wave method and Born approximation technique to
calculate the scattered VLF field in the near zone of ionospheric disturbances created
by lightning electromagnetic pulses. The method fully accounts for the anisotropicity
of the ionosphere magnetized by a nonvertical geomagnetic field. We calculate the VLF
amplitude perturbation on the ground for vertical and horizontal lightning discharge
configurations. The results show that the magnitude of the scattered signal is strongly
dependent on the direction of the incident VLF wave.
Citation: Lehtinen, N. G., R. A. Marshall, and U. S. Inan (2010), Full‐wave modeling of “early” VLF perturbations caused by
lightning electromagnetic pulses, J. Geophys. Res., 115, A00E40, doi:10.1029/2009JA014776.

1. Introduction
[2] “Early” perturbations of VLF signals [e.g., Inan et
al., 1995] are caused by a direct effect of lightning on
the ionosphere, in contrast to the delayed perturbations
caused by lightning‐induced electron precipitation (LEP)
from the radiation belts. In this paper we consider perturbations caused by the change in ionization caused by a
lightning electromagnetic pulse (EMP) [Taranenko et al.,
1993; Cheng and Cummer, 2005; Marshall et al., 2008,
2010]. The EMP also produces optical emissions named
“elves” (see, e.g., review by Rodger [1999]). Several
cases of VLF perturbations associated with elves were
observed by Mika et al. [2006], who describes in detail a
∼0.2 dB perturbation observed at a distance of 400 km
from the disturbance, ∼10° off the great circle path
between VLF transmitter and receiver. Elve‐associated
VLF perturbations are usually caused by lightning discharges with typical peak currents I > 100 kA, and have
amplitude changes usually in the range of 0.2–0.7 dB
[Mika et al., 2006], usually positive (i.e., increase of VLF
amplitude).
[3] The scattered field in the far zone of an ionospheric
disturbance, i.e., the scattering radiation diagram, has been
calculated using the mode theory in Born approximation by
previous workers [Crombie, 1964; Wait, 1964], who also
used additional assumptions about the smoothness of the
disturbance which allowed them to use the WKB approximation. Their method has been applied, for example, in the
context of HF heater‐induced disturbances [Barr et al.,
1985; Demirkol, 1999]. In this paper, we do not make assumptions about the smoothness of the disturbance, which
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allows us to calculate the full mode contents of the scattered
waves.

2. Method of Calculation
2.1. Incident VLF Transmitter Wavefield
[4] The Earth‐ionosphere waveguide modes and antenna
excitation factors in the current work were calculated using
the full‐wave method [Lehtinen and Inan, 2008, 2009] and
an approach analogous to that utilized in the LWPC model
[Pappert and Ferguson, 1986]. All amplitudes below denote
complex amplitudes of the values with time dependence /
e−iwt. We use a coordinate system with x, y in the horizontal
plane and z vertical upward.
[5] Free waves (i.e., without sources) propagating in the
Earth‐ionosphere waveguide in the positive x‐direction with
horizontal refractive index nx = kx/k0 (where k0 = w/c and kx
is the horizontal wave vector) are calculated from the modal
equation [see also Budden, 1961, equation (9.28)]


det I  Rd Ru ¼ 0

ð1Þ

where Ru, Rd are the 2 × 2 matrices representing reflection
coefficients from above and from below, evaluated at the
ground level using the full‐wave method [Lehtinen and
Inan, 2008] for complex nx. The mode field structure as a
function of altitude, also called the “height gain,” is calculated from the eigenvector equation corresponding to (1):


I  Rd Ru u0 ¼ 0

where u0 is a column vector of length 2 which contains
upward wave amplitudes at h0. The wave amplitudes at all
other altitudes and fields E(z), H(z) (e.g., the height gain)
are calculated as explained by Lehtinen and Inan [2008].
Using this procedure, we obtain a set of modes, with pth
mode characterized by height gains {E(z), H(z)}p and horizontal refactive index (nx)p. In this paper, we use the LWPC
nomenclature in which the modes are labeled QTMn and
QTEn, with n ≥ 1. We decide whether the mode is QTM or
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refractive index does not exceed 0.02% for QTM1 mode and
0.2% for QTM2 mode. Therefore we may safely assume that
x′ and x directions are the same and use this relation. One can
derive equation (2) P
starting with expression for the plane
waves {E, H}line = p Ap{E, H}peik0(nx)p∣x∣ generated by a
line dipole source Jline = ^zSd(x)d(z) and representing the point
source as a linear combination of line sources using technique
developed, e.g., by Budden [1961].
[7] At the location of a disturbance, we neglect the cylindrical spreading of the VLF transmitter wave and assume it to
be flat in the y‐direction. This may be done when the size of
the disturbance, as well as the distance from the disturbance to
a receiver are both  r, the distance to the VLF transmitter.
Using the asymptotic approximation of the Hankel function
H(1)
0 , we have
fE; Hg ¼ K

X qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðnx Þp Ap fE; Hgp eik0 ðnx Þp x

ð3Þ

p

Figure 1. The used altitude profiles of ambient electron
density Ne and electron‐neutral collision frequency n e.
QTE by evaluating contributions of TM and TE components
below ionosphere. The number of the mode n is calculated by ordering the modes of the same kind (QTM or
QTE) in the q
order
of increasing vacuum vertical wave
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
number (= k0 1  ðnx Þ2p ).
[6] The mode excitation factors for a vertical ground‐
based electric dipole with current moment amplitude S (i.e.,
current density J = ^zSd(x)d(y)d(z)) are calculated on the
basis of the theory of mode biorthogonality, explained in
detail by Pappert and Smith [1972]. The pth mode excitation factor is
Ap ¼

a
SEpz
ð0Þ

where Eapz(z) is the Ez component of the adjoint mode {E, H}ap,
which is defined in the Earth‐ionosphere waveguide with the
same electron density and collision frequency profiles but the
reversed x‐component of the geomagnetic field. The adjoint
modes have the same eigenvalues (nx)p and are biorthogonal
to the original waveguide modes {E, H}q, with normalization
Z

þ1 

1


a
a
a
a
Hpz
Eqy  Hpy
Eqz  Epz
Hqy þ Epy
Hqz dz ¼ pq

The field at x > 0, y = 0 for a medium with a vertical axis of
symmetry (i.e., with vertical geomagnetic field) is given by
fE; Hg ¼

X
p

Ap fE; Hgp

k0 ðnx Þp
2

ð1Þ
H0



k0 ðnx Þp x



ð2Þ

where H(1)
0 is the Hankel function representing an outward
propagating cylindrical wave. In the asymmetric case, we
have to take into account that the horizontal refractive index
(nx)p depends on the direction of propagation x, and therefore
the group velocity for horizontal mode propagation is not
parallel to the horizontal wave vector. In such a case we have
to use a different (nx′)p which gives the group velocity along x.
However, the calculations show that the dependence on the
direction is rather weak: for the case considered in section 3,
the relative variation ∣(nx′)p − (nx)p|/∣(nx)p∣ in the horizontal

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where K = k0 =ð2irÞ is a constant which takes into account
the cylindrical spreading at distance r, and x is now calculated
in reference to the center of the disturbance.
2.2. Born Approximation for Scattered Waves
[8] The incident wave is assumed to be one of the calculated Earth‐ionosphere waveguide modes. The scattered
waves may then be calculated using the full‐wave method,
by employing the Born approximation [Born and Wolf,
1999, p. 504] as outlined below.
[9] The total electric field of the VLF wave, E, is the sum
of the incoming E0 and scattered Es fields, i.e., E = E0 + Es.
The exact wave equation for E is
r  ðr  EÞ  k02 "^E ¼ 0

ð4Þ

where "^ = "^0 + D^
" is the total dielectric permittivity tensor,
consisting of stratified part "^0 and inhomogeneous change
D^
". By using the unperturbed waveguide relation r × (r ×
E0) − k20"^0E0 = 0, we can rearrange the wave equation (4) as
follows:
r  ðr  Es Þ  k02 "^0 Es ¼ k02 ^
"ðE0 þ Es Þ

ð5Þ

The Born approximation is based on the assumption that the
field inside the scattering region is E0, i.e., we neglect the
scattered field Es on the right‐hand side of (5). We regard
the change in the currents induced in the perturbed region as
the new source of reradiated waves:
r  ðr  Es Þ  k02 "^0 Es  k02 ^
"E0 ¼ ik0 Z0 J

where Z0 is the impedance of free space and DJ =
"E0/Z0 are additional currents induced by the VLF
−ik0D^
wave due to the change in "^. Note that if the accuracy of the
Born approximation is insufficient, the second Born approximation may be applied [Born and Wolf, 1999, p. 708] which
consists of substituting the calculated in the described manner
scattered field Es into the right‐hand side of equation (5).

3. Results
[10] The Earth‐ionosphere waveguide model used in the
present work has the same ionosphere parameters as in the
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Figure 2. The top view of the change in height‐integrated
electron contents, in m−2 [Marshall et al., 2010], for the
two cases considered. The magnetic field is at B = 0, i.e., in
(x, z) plane.
work of Marshall et al. [2010]: we use the nighttime electron density profile and the electron‐neutral collision frequency from Schunk and Nagy [1980] (plotted in Figure 1),
and the geomagnetic field BE is characterized by its components in spherical coordinates, i.e., the absolute value
BE = 5 × 10−5 T, the polar angle B = 45°, and the azimuthal angle B, which we vary in our calculations. Note
that since the z component of BE is positive, the present
calculations correspond to the Southern Hemisphere.
[11] The mode height gains and horizontal wave numbers
were calculated at a VLF frequency of f = 24 kHz. At this
point, we apply the full‐wave method by dividing the ionosphere in the range from 60 to 120 km into uniform horizontally infinite slabs of vertical thickness of 0.17 km. The
modes are propagating in the positive x direction. The
contributions of modes to the signal from the transmitter
depend both on the excitation factors Ap and the attenuation
(characterized by Im nx) over the distance to the transmitter
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d, as given by equation (3). We found that, e.g., for d =
2000 km the greatest contribution (50–77% of Poynting flux
on the ground, depending on B) comes from the QTM1
mode and the second greatest contribution (17–32%) comes
from QTM2. The mode height gains and wave numbers are
calculated for a flat ionosphere, since the full‐wave method
utilized here does not yet include the Earth’s curvature; the
effects thereof are discussed in section 4.
[12] We consider two cases of a lightning EMP creating
an initial disturbance, i.e., the change of electron density in
the ionosphere which was calculated by Marshall et al.
[2010]: (1) a single vertical discharge with E100 = 20 V/m
(corresponding to peak current I = 75 kA) and (2) a
sequence of 60 horizontal discharges at the altitude of 5 km
with Eic
100 = 5 V/m, resulting in an accumulation of the
electron density change. The measure of the discharge
strength E100 is the electric field at 100 km distance introduced by Orville [1991]. The measure Eic
100 for intracloud
(horizontal) discharge is the field that would be measured
100 km in the vertical direction, in the absence of an ionosphere and reflecting ground [Marshall, 2009, p. 85].
[13] In case 1 (vertical discharge), the relative change
in the electron density is in the range from −0.1% to 1.2%
and absolute change in the range from −2 × 105 m−3 to 3 ×
106 m−3, with the maximum absolute change achieved at
altitude of ∼90 km. In case 2 (series of 60 horizontal discharges), the relative change is in the range from −7% to 0
and absolute change in the range −107 m−3 to 0, with the
maximum absolute change achieved also at altitude of
∼90 km. The top view of the height‐integrated change in the
electron contents for both cases is shown in Figure 2. To
calculate the scattered signal in the Born approximation, we
again apply the full‐wave method. At this point, the iono-

Figure 3. The maximum negative (circles) and positive (crosses) relative VLF amplitude change DA
defined in equation (6) on the ground for different directions of the geomagnetic field, for the incident
wave given by mode QTM1. The maximum is taken over the location of the receiver.
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Figure 4. Height gains of QTM1 and QTM2 modes for various B in the vicinity of B = 270°,
represented by the ratio of ∣E∣ to the horizontal magnetic field on the ground (H is in V/m
[Budden, 1985, p. 31].)
sphere in the range from 60 to 120 km is divided into uniform horizontally infinite slabs of vertical thickness of
0.84 km.
[14] The electromagnetic field on the ground was calculated using the Born approximation, for the QTM1 mode
with B varying over the full circle at intervals of 15°. Since
the Earth is assumed perfectly conducting, only the horizontal magnetic and vertical electric field components are
nonzero. The ratio of the total magnetic field B = B0 + Bs
(where Bs is the scattered field) to the field in the incident
wave B0 represents the VLF amplitude change and was
calculated in dB as:
A ¼ 20 log

jBj
jB0 j

ð6Þ

The maximum and mininum amplitude change (for different
directions of the geomagnetic field) are plotted in Figure 3.
The maximum is taken over the location of the receiver.
We see that the scattering is strongest around B = 270°,
corresponding to the incident wave propagating in the westward direction in the Southern Hemisphere.
[15] The stronger scattering in this particular direction of
the geomagnetic field BE can be understood when we consider the dependence of the height gain of the QTM1 mode
on B. The ionospheric disturbance caused by the lightning
EMP is located in the D region, at h ∼ 80–90 km. In Figure 4
we observe that the electric field is relatively stronger at
these altitudes at B = 270° than at the neighboring angles.
This fact is correlated with a higher absorption of the modal
waves, since the absorption is mostly due to finite conductivity in the D region.
[16] The observed change in the VLF signal amplitude is
strongly dependent on the position of the observer with

respect to the location of the ionospheric disturbance.
Figure 5 shows the 2‐D structure of the amplitude change in
dB on the ground, for both the vertical and horizontal discharge cases and for B = 270°, which gives the strongest
scattering. We see that the pattern is rather complicated for
the vertical discharge case, because the scattering occurs on
a ring‐shaped disturbance (see Figure 2a). The shape of
the disturbance created by the horizontal discharge case
(Figure 2b) is simpler, but still the scattered field shows the
near‐zone pattern due to the finite size of the scattering
region. The scattered wave may interfere both constructively
and destructively with the incident wave, and therefore the
observed change in VLF amplitude may be both positive
and negative, a result also obtained with 2‐D FDFD simulations by Marshall et al. [2008]. Figure 5 shows an absence
of backscattering of the VLF wave from the disturbance,
which holds true also for other values of B. In Born
approximation, the backscattering is expected to be weak
from objects larger than the wavelength, such as the EMP‐
ionized regions of ionosphere. However, the backscattering
from sprites, which may have horizontal scales comparable
or smaller than the VLF wavelength, has been observed in
the past [Dowden et al., 1996; Marshall et al., 2006].

4. Discussion
4.1. Born Approximation Validity
[17] As we discussed above, the Born approximation is
valid when we can neglect the scattered field Es in comparison to the incident field E0 in the perturbed region. To
check this condition, we calculated the ratio of the two fields
∣Es∣/∣E0∣ at the altitude of the maximum disturbance ∣DJ∣.
We found that this ratio does not exceed 0.06 for the vertical
discharge case and 0.2 for the horizontal discharge case.
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Figure 5. The VLF amplitude change DA on the ground as a function of the position of the receiver, for
an incident QTM1 mode. The location of the disturbance is marked by a circle, and the incident wave
propagates in +x direction. The geomagnetic field is at B = 270°, corresponding to the incident wave
propagating in the westward direction in the Southern Hemisphere.
This number may be used as an estimate for the upper bound
on the relative error in the calculated scattered field on the
ground. The qualitative conclusions about the observed field
therefore are not modified.
4.2. Stronger Discharges
[18] We have performed similar calculations for higher
discharge values, namely vertical discharges at E100 = 30 V/m
and 40 V/m, and horizontal discharges with 60 pulses and
Eic
100 = 7 V/m and 10 V/m. For the highest values, the calculated maximum VLF amplitude reached 0.1 dB for the
vertical and 5 dB for the horizontal discharge case. Discharges having higher peak currents create high changes in
electron density, which constitute a large fraction of the
background. Therefore the Born approximation may become
invalid. However, it may be possible to use the present
method by employing the second and higher Born approximations. These calculations are beyond the scope of the
present paper and will to be performed in future work.
4.3. Other Modes
[19] We estimated above that at d = 2000 km distance
from the transmitter the second strongest contribution to the
incident VLF wave power after the QTM1 mode is made by
the QTM2 mode, at the B‐dependent fraction of 17–32% in
Poynting flux at the ground level. The calculations show
that the scattering of the QTM2 mode is qualitatively similar
to QTM1, with some quantitative differences. For example,
the maximum change in VLF amplitude is higher: at B =
270° we obtained ∼0.06 dB for vertical and ∼0.3 dB for
horizontal discharge cases.

4.4. Observed Asymmetry in the Sign of the “Early”
VLF Perturbations
[20] The scattered wave may interfere both constructively
and destructively with the incident wave, and therefore the
observed change in the VLF amplitude may be both positive
and negative, which was also confirmed by the 2‐D FDFD
simulations of Marshall et al. [2008]. The same authors also
proposed that in some cases, electron depletion caused by
dissociative attachment to molecular oxygen should lead
to lower absorption and therefore a positive average VLF
perturbation. For a horizontal disturbance size d the maximum improvement is exp[k0(Im nx) d]. For the QTM1 mode
and d = 100 km this is <0.035 dB and for QTM2, <0.25 dB,
while the experimentally observed asymmetry is still present
at >1 dB [Marshall et al., 2008, Figure 3]. From this estimate it follows that to agree with experimental statistics, the
average disturbance has to have a large (>400 km) size.
[21] If the incident wave is very weak, due, e.g., to the
destructive interference between waveguide modes, then the
scattered wave may greatly exceed the incident wave and
there should be more positive perturbations. For the asymmetry due to this effect to manifest itself, the ratio of scattered to incident amplitudes has to be at least a factor of two,
which corresponds to ∼6 dB. However, the experimental
asymmetry [Marshall et al., 2008, Figure 3] is very pronounced at the lower range of 0.5–1.5 dB.
[22] We have performed a statistical analysis of the calculated VLF amplitude perturbations, which is presented in
Figure 6. We show the distribution of DA in dB for a randomly positioned receiver, for the QTM1 mode for both the
vertical and horizontal discharge cases. The amplitude of the
scattered wave is falling to zero as the receiver is being
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Figure 6. Distribution of VLF amplitude changes DA in dB, for the QTM1 mode for both the vertical
and horizontal discharge cases. The receiver position is random and uniformly distributed in a rectangular
horizontal area of 1200 × 400 km around the disturbance (such as depicted in Figure 5). Also, the azimuthal angle B of the geomagnetic field is random and uniformly distributed in (0, 2p). The small VLF
amplitude changes (less than the typical values on the edges of the above mentioned horizontal area) are
excluded from the statistics.
moved to greater distances from the scattering region, and at
the same time the position of the receiver may be randomly
chosen over a greater area. Thus the small VLF perturbations are more likely to be seen then the large ones. Since
the calculation results are available only for small distances
(inside the rectangle shown in Figure 5), for the purpose of
the statistical analysis in Figure 6 we limit ourselves only to
the higher‐amplitude perturbations. Namely, the VLF perturbations with values less than the typical values on the
edges of the region being modeled were removed from the
histograms in Figure 6.
[23] In Figure 6 one may observe that our calculations
produce a small asymmetry in the VLF amplitude perturbations. There seem to be more positive perturbations for the
vertical discharge and more negative perturbations for the
horizontal discharge. This may be related to the different
shapes of the ionospheric disturbances produced by these two
types of discharges. However, we currently do not understand
the mechanism that would explain this asymmetry. Note that
the asymmetry is in the opposite sense as would be expected
from the hypothesis by Marshall et al. [2008], taking into
account the sign of electron density change in Figure 2.
Analogous calculations taken separately for mode QTM2
give the same qualitative result, i.e., there seem to be more
positive perturbations for the vertical discharge and more
negative perturbations for the horizontal discharge.
4.5. Direction of the Geomagnetic Field
[24] The calculations are performed with a positive vertical component of BE, same as in the work of Marshall et

al. [2010], which corresponds to the geomagnetic field in
the Southern Hemisphere. However, many observations [e.g.,
Mika et al., 2006] were performed in the Northern Hemisphere. To understand how the calculations would change in
the Northern Hemisphere, we may use the symmetry transformation, in which all spatial coordinates and vectors
undergo an inversion (i.e., we take a mirror image), and in
addition the magnetic field vector changes its polarity. Thus
the calculated maximum scattering at B = 270° corresponds
to incident waves traveling in the westward direction in both
Southern and Northern Hemispheres.
4.6. Earth Curvature Effects
[25] The distances between the ionospheric disturbance
and the receiver considered in this work are much smaller
than the radius of the Earth. However, the finite curvature of
the Earth surface is expected to be manifested as modifications of the height gains of the waveguide modes. In the
curved coordinates, the analog of Snell’s law is n? r = const
[Budden, 1985, p. 564]. From this law it follows that in a
uniform medium, the height gain decreases with altitude
faster than in flat geometry. This can be understood if we
consider the vertical component nz, which is increasing with
altitude. Since nz is small for the QTM1 and QTM2 modes
(which propagate almost horizontally), the mode wave
experiences a total internal reflection as it propagates
downward from high altitudes. At the caustic surface of the
total internal reflection (corresponding approximately to the
surface of the Earth), the amplitude of the wave is large.
Thus the ratio plotted in Figure 4 is expected to be smaller at
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the altitude of the ionospheric disturbance [see also Poulsen,
1992, p. 41], and therefore should lead to a smaller scattered
field. However, this claim has to be verified by a rigorous
calculation in curved geometry.

5. Summary
[26] We have calculated the near‐zone field of the VLF
waves scattered by ionospheric disturbances. The basic
results of this work are the following: (1) The scattered field
creates a complicated 2‐D pattern on the ground which
will produce both positive and negative VLF perturbations,
depending on the position of the receiver. (2) The VLF perturbations are maximal for westward propagating VLF modes,
for ionospheric disturbances occurring in both Southern and
Northern Hemispheres. (3) The backscattered wave amplitude
is below observable values. (4) There seem to be more positive
perturbations for the vertical discharge and more negative
perturbations for the horizontal discharge, although the
mechanism of this asymmetry is not clear.
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