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1 Introduction

Consider a distribution of particles f(xi,...,z,,t) in n-dimensional space
with coordinates x; which also is a function of time t. Its evolution is de-
scribed by the Fokker-Planck equation (FPE), the derivation of which is
beautifully explained in [1]. Generalizing this derivation to the case when
distribution function depends on several variables, we get
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where Ax; are the changes in variables z; in time At due to random collisions
and other processes. The limit At — ‘0’ means that we let At become small
compared to any macroscopic time scale, while it still remains large compared
with time intervals between collisions. The angular brackets (-) denote the
statistical (or ensemble) average. The FPE is understood as (1) truncated
after [ = 2.



2 FPE in momentum space and interpreta-
tion of coefficients D

We consider FPE in momentum space,
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and 5(2) is a second rank tensor
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Here ApAp? is a dyadic product of vector Ap with itself. In the second
term of (2), the inner V, is the divergence of a tensor (the result of which is
a vector).

In general, D is due to changes in particle momenta due to both external
force and random collisions. Without external force, it is usually directed
along (—p), and slows the particle down. However, the decrease of average
vector momentum can be due to spreading in particle directions (which is
described by the term with 5(2)) and thus not equal to the decrease of the
absolute value of momentum vector. Since A(p?) = 2p - Ap + (Ap,)? +
(Ap,)*+(Ap.)?, we have an effective “force” (the dynamic friction coefficient)
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where p is the unit vector along p and Tr denotes the trace operation.
Equation (2) is usually rewritten as

3{9_213) = —V,[(DY = V,D) f(p)] + VDV, £(p)] (3)

Thus, 6(2)Vp f(p) can be interpreted as a flux of particles due to diffusion
(in momentum space) with a diffusion coefficient D, and
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as the force acting on particles. If the diffusion does not change the absolute
value p = |p|, then both interpretations of the force are the same, F; = Fy,
or

~v,D® = |%|Tr D® (4)

3 Calculation of D due to small-angle colli-
sions with elastic fixed centers

Let the momentum before collision be p = pn and after collision p’ = pn/.
The absolute value stays the same in elastic collisions. The change of mo-
mentum is

Ap = p(?' — )
Then the needed coefficients are
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If we choose coordinate system so that p = pz, then
n' —n=2(1—cosf) — (& cos ¢+ ysing)sinf

Here 6, ¢ give the direction of the scattering €. To find the average over €2,
we take into account axial symmetry to average over ¢, so that (sin®¢) =
(cos? ¢) = 1/2 and (sin ¢ cos ¢) = 0. We get

(n"—nyg = —(1—cosb)n (5)
(A —n) A —n)g = ;<sm2 )1, + (1 — cos0)2an” (6)
where we introduced the perpendicular projection operator
To=1— "

(T is the unit operator). It has the following properties:
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where in the last equation a diadic product is taken. (Proof: Oyp, = 0y =
Ok(pru) = pOkiy + nyny, where we used Jxp = ng.) The equation (9) can be
used to find the divergence V|| = =V ('), 3 Ok(Awiy) = (1 .7)/p +
wTe 1y /p=2n/p:
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for arbitrary function f(p). Under the assumption of small-angle collisions
equations (5-6) become
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where we neglected 4-th power of 6 and higher.

The small-angle collisions are best described in terms of momentum trans-
fer frequency v,,, since the total cross-section, and therefore the collision fre-
quency v = 1/At can be infinite (e.g., for Coulomb potential). It is defined
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From (10-11) we get
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where D(p) = v,,/2 can be considered as the angular diffusion coefficient.

Note that any D® ~ | |, such as this one, conserves the absolute value of
the momentum. Therefore, (4) is valid:

VPB(Q) = —2pD(p) = —%Tr D® — —UpmP
p
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and the dynamic friction is F = DM — VD) = 0, as expected for elastic
collisions.



4 Nonrelativistic elastic collisions with cen-
ters of finite mass

Consider collisions with centers of mass M, assuming that f describes par-
ticles of mass m. Example of this is electron distribution in an ambient
gas of molecules. We also will assume that molecules move with speed V,
which has properties (V) = 0, and (V?) = 3T/M, where T is an effective
molecule temperature. We assume nonrelativistic motion here, so that to get
momenta in the a differente reference frame (RF), e.g., the center-of-mass
reference frame (CM), we use vector addition of velocities. We will write
down the FP equation for the velocities v and v = |v|.
The center of mass velocity is

In the CM RF, the initial velocity is
vem = v — Ucy = vemn

where now 7 is the unit vector along vy, We can calculate that
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where v, is the relative velocity.
After a collision, the CM velocity becomes v/ = vy + Ucm, where
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so that the elastic scattering in CM RF frame occurs from direction n into
direction n'.
The velocity change is the same in all RF and is equal to

M
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The averages (Av)q and (AvAvT)q over the scattering angle (in CM RF)
are easily obtained using (5-6). Then we still have to average over V. Now,
since the scattering centers are moving, the collision frequency v depends on



V, because v = v(v,e). Therefore, when averaging over V, we must average
the products (¢vAv) and (VAVAVT):

(vAv) = —(v(1 —cosb)ovem)v = —(UmVem)v (12)

WAVAVT) = <m%M E<sm?9>QTL+<(1—cose)2>ﬂﬁﬂ>v (13)
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where || = | —an’ is the perpendicular projection operator and v, =

v(1—cosf)q is the momentum transfer rate (which was also discussed earlier
in this tutorial). Note that

(v(AV)?) = Tr (WAVAVT) = 2(uy, (V01 ) VEN )V

4.1 Heavy scatterers

Equations (12-13) are rather useless in general case because Av is not small
and FP equation cannot be used. Let us consider a limiting case of heavy
scattering centers, M > m. Then, although Av is not small in general
case small changes, at least for v = |v| we can use the FP approach. To
get (vAv), we have to expand v = |v'| in series over the small parameter
a = /m/M. From the energy equipartition theorem, mv? ~ MV? and

therefore V/v ~ a and V/v' ~ a. We use the fact that |viy| = |[vewm|, or
(v = Ucym)? = (v — Ucm)? Multiplying both sides by (M + m)/(Mwv), we

(5= (o)) = (0o (e T))

Now, carefully expand in series over «, keeping only terms up to O(a?):
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We use v/ — v = vy — vem = vem (' — 1) and

VoM = Vrel + O(@®v) = v — - V 4+ O(a?v) (14)

and get
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where the first two terms on the RHS are O(a?) and the last is O(«). Le
us average over the scattering direction. We use n’ - n = cosf and (n')q

n{cos 0)q:
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Before we average over V, let us switch from n to o, using

To order O(«),
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where V| =V — (¢ - V). Thus, to the same order of O(a?),
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Now it is time to average over V:
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We use (14) to expand v, (vre1) = Vi (v) — (0- V)], (v)+O(a?v). Substituting
and keeping terms up to O(a?v), we get
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where we used (V1) = 2(V?) and ((0- V)?) = $(V?) since V is isotropic.
Note that the term of order O(«) after averaging became O(a?).

To write FP equation for the energy & = mTUQ, beside (VAE) = E(vA(v?))
we also need (v(AE)?). Using only the last (biggest) term in (15), we get:

e _ (m . X) L 0(?)

It is more convenient to average first over V, keeping n and n/ constant. We
can do it here, unlike the calculation for A(v?) because our error in doing
this (due to the fact that V' is not completely isotropic relative to n and 7'’

in the CM RF) will be of O(a?). So
((AE)?)v
&2
Finally, averaging over the scattering direction,
(v(Ag)?) 8 (V?)

E? — 3T
Summarizing for a thermal gas of heavy particles, (V?) = 3T /M:
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where we switched from v/ = dv,,/dv to derivative over £. The FP equation
in the form (3) is

where
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Note that in an n-dimensional gas there is a requirement that
FE 1 n-2

DE) T a2

in order to get a stationary Maxwellian distribution n(&) oc £=2)/2¢=¢/T,
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