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Introduction

FWM Capabilities:
Plane stratified medium:

Arbitrary dielectric permittivity tensor ε(ω)
Magnetic permeability μ=1

Arbitrary configuration of harmonically varying 
currents
Efficient use of the computer resources
Parallelized

Application: waves in the ionosphere and in 
the Earth-ionosphere waveguide



Outline

1. Free waves in the full-wave method (no sources)
Example: Transport of plane waves upward through 
ionosphere and their attenuation

2. Modelling of the sources in the full-wave method
Example 1: ELF/VLF radiation by modulated polar electrojet
Example 2: Trans-ionospheric propagation from a ground-
based transmitter
Example 3: V-shaped structures in satellite spectrograms
Example 4: Time-domain calculations:
Sferic waveform
Example 5: Scattering of VLF transmitter waves by 
ionospheric disturbances



1. Free waves in the full-wave method 
(no sources)



Stratified medium

• Consider an arbitrary stationary plane-stratified medium which is uniform
in the horizontal (x, y)-direction, consisiting of uniform horizontal layers
Ωk, k = 1 . . .M :

Ωk = (zk, zk+1), k = 1 . . .M − 1
ΩM = (zM ,∞)

• In each Ωk, ε̂ = ε̂k, μ = 1.



Maxwell's equations in free 
medium at fixed frequency

Maxwell’s equations in the absence of sources are

∇ ×H =
∂D

∂t

∇ × E = −∂B
∂t

Let us look for an electromagnetic wave solution at fixed frequency ω, i.e. in form

{E(r, t),H(r, t)} = Re
£
{E(r),H(r)}e−iωt

¤
Maxwell’s equations in layer k become

∇ ×H0 = −ik0ε̂kE
∇ × E = ik0H

0

where

• H0 = Z0H is the magnetic field (in V/m, used by Budden [1985])

• Z0 =
p
μ0/ε0 is the impedance of vacuum

• k0 = ω/c is the vacuum wave number

From now on, we only use H0 (and drop the prime).



Plane wave solutions
∇×H = −ik0ε̂kE
∇×E = ik0H

In each layer, look for solution in form

{E(r),H(r)} = Re
h
{E,H}eik0(n·r)

i
where n = k/k0 is the refractive index vector.

NOTE: In (x, y) plane n⊥ = const in all layers because of translational symmetry of

the medium (Snell’s law)

Maxwell’s equations become:

n×H = −ε̂E
n×E = H

While H can be expressed in terms of E, the equation for E is

n× (n×E) + ε̂E = 0



Plane wave solutions 
(continued)
n× (n×E) + ε̂E = 0

(n2I− nnT − ε̂)E = M̂E = 0
det M̂ = 0→ nz

–a quartic equation for nz (Booker quartic)

• The fields are a combination of 4 different solutions, corresponding to different
nz which are separated into upward (u) and downward (d) modes:

Imnz ≥ 0⇒ upward mode

Imnz ≤ 0⇒ downward modeµ
E(r)
H(r)

¶
= F

µ
u(z)
d(z)

¶
eik0(n⊥·r⊥), F is a 6× 4 matrix

u(z) =

Ã
u
(1)
k e

ik0n
(u1)

z,k
(z−zk)

u
(2)
k e

ik0n
(u2)

z,k
(z−zk)

!
d(z) =

Ã
d
(1)
k e
−ik0n(d1)z,k

(z−zk)

d
(2)
k e
−ik0n(d2)z,k

(z−zk)

!

• We flipped the sign for ndz , so that all Imn(ud12)z,k ≥ 0



Dielectric permittivity for waves 
in cold plasma

• Cold plasma ⇒ ε̂ = ε̂(ω) (no k-dependence)

• Rotate ε̂ from a convenient coordinate system to arbitrary one:

ε̂ = R̂ε̂B0kzR̂
−1

where R̂ is the rotation matrix, e.g., for

B0 = x̂B0 sin θ cosφ+ ŷB0 sin θ sinφ+ ẑB0 cos θ

R̂ =

⎛⎝ cosφ − sinφ 0
sinφ cosφ 0
0 0 1

⎞⎠⎛⎝ cos θ 0 sin θ
0 1 0

− sin θ 0 cos θ

⎞⎠



Dielectric permittivity for waves 
in cold plasma (continued)

• When B0 k z, we have [Stix, 1992]:

ε̂B0kz =

⎛⎝ S −iD 0
iD S 0
0 0 P

⎞⎠
where S = (R + L)/2 and D = (R − L)/2 and

R,L = 1 −
ω2p

ω(ω + iν ∓ ωH )

P = 1 −
ω2p

ω(ω + iν)

— ωp – electron plasma frequency

— ν – collision frequency of electrons with neutrals

— ωH – electron gyrofrequency

• More species can be added (e.g., ions at lower frequencies) by modifying appropriate expres-
sions for R, L, P .



Plane Wave Example 1: Waves in 
a highly-collisional medium

Solid = Re(nz)
Dashed = Im(nz)
Z >> X
The modes at the 
same frequency in 
the lower D-region 
are (almost) like in 
vacuum, with |n|=1



Plane Wave Example 2: 
Waves in magnetized plasma

Solid = Re(nz)
Dashed = Im(nz)
In VLF/ELF 
frequency range, 
the 4 solutions in 
ionosphere and 
magnetosphere 
are upward and 
downward whistler 
and evanescent 
waves



Propagation within a uniform 
layer and connection of u and d

• We have 2 upward plane waves u(z) and 2 downward plane waves d(z)

• Propagation through a layer of thickness h can be described in terms of matrices Pu and Pd:

u(h) = Puu(0), d(0) = Pdd(h)

Pu =

Ã
eik0n

(u1)
z h 0

0 eik0n
(u2)
z h

!
, Pd =

Ã
eik0n

(d1)
z h 0

0 eik0n
(d2)
z h

!
These matrices have bounded norms, which is necessary for numerical stability.

• Reflection coefficients
If the sources of electromagnetic field are at z = −∞, the field amplitudes are connected by
a reflection coefficient “from above” 2 × 2 matrix Ru as d(z) = Ru(z)u(z). Analogously, if
the sources are at z = +∞, we have u(z) = Rd(z)d(z).

• Transporting the reflection coefficients through a layer of thickness h:

Ru(0) = PdRu(h)Pu, Rd(h) = PuRd(0)Pd

• Note that u, d are transported “forward”, while Ru, Rd are transported “backward.”



Transporting thru a boundary: 
boundary matrices Tu and Td

• The fields in adjacent layers are linked by the boundary conditions on ∆E⊥ and ∆H⊥ at
each layer boundary. These conditions are simply ∆E⊥ = 0, ∆H⊥ = 0 in the absence of
sources, therefore µ

E⊥(zi)
H⊥(zi)

¶
= Fi−1

µ
ui
d0i

¶
= Fi

µ
u0i
di

¶
where F is a 4 × 4 sub-matrix of F .

• Introduce Tui = F−1i Fi−1 and Tdi = F
−1
i−1Fi, T

uTd = I ⇒µ
u0

d

¶
= Tu

µ
u
d0

¶
,

µ
u
d0

¶
= Td

µ
u0

d

¶

• We will use 2 × 2 sub-matrices of Tu, Td:

Tu =

µ
Tuuu Tuud
Tudu Tudd

¶
, Tu =

µ
Tduu Tdud
Tddu Tddd

¶



Transporting thru a boundary: 
transporting  Ru and Rd

Let us derive Ru0 in terms of Ru for sources at z = −∞.

d0 = Ru0u

Substitute d0 and u in terms of values above the boundary d, u0, transformed using Td:

Tdduu
0 + Tdddd = R

u0(Tduuu
0 + Tdudd)

Now, use d = Ruu0 ⇒
Tdduu

0 + TdddR
uu0 = Ru0(Tduuu

0 + TdudR
uu0)

This equation must hold for arbitrary u0. Therefore, we have a matrix equation for Ru0:

(Tddu + T
d
ddR

u) = Ru0(Tduu + T
d
udR

u)

We obtain (also analogously for Rd0 for sources at z = +∞):

Ru0 = (Tddu + T
d
ddR

u)(Tduu + T
d
udR

u)−1

Rd0 = (Tuud + T
u
uuR

d)(Tudd + T
u
duR

d)−1



Transporting thru a boundary: 
transporting u and d

Let us derive u0 in terms of u.
Define 2× 2 transfer matrices U, D by

u0 = Uu when sources are at z = −∞
d0 = Dd when sources are at z = +∞

For sources at z = −∞ we write u0 in terms of u and d0:

u0 = Tuuuu+T
u
udd

0 = (Tuuu +T
u
udR

u0)u

from where
U = Tuuu +T

u
udR

u0

Analogously,
D = Tddd +T

d
duR

d0



Summary

We label 2 waves as upward (u) and 2 as 
downward (d)
Reflection coefficients are 2x2 matrices which 
provide u↔d conversion:

d=Ruu
u=Rdd

Recursion:
Ru

k+1→Ru
k  and Rd

k→Rd
k+1

uk→uk+1  and dk+1→dk

This order of recursion provides stability against 
numerical “swamping” by evanescent waves
We start with Ru

M=0 and Rd
1=-I



Example

Transport of plane waves upward 
through ionosphere and their 
attenuation



VLF wave incident on 
ionosphere becomes a whistler



Attenuation of a vertically 
incident wave

R. A. Helliwell
“Whistlers and 
related ionospheric
phenomena” (1965)
QL (quasi-
longitudinal) 
approximation for 
whistlers, neglect 
reflection



Used ionosphere profiles 
(from Helliwell): Ne and ν

Electron density has a latitude-dependent factor



Comparison with FWM

Using exactly the same parameters (Ne, ν, B0) as Helliwell
X is TE (E⊥B0), O is TM (B⊥B0)
Nighttime absorption now includes losses due to reflection



Incident angle of 45o

For nighttime profile, there is less reflection for 
k||B0 than for vertical propagation



2. Modelling of the sources in the full- 
wave method



Introduction

The sources are currents (electric and magnetic)
The currents are “collapsed” to flow only in thin 
horizontal layers
Horizontal currents become surface currents; vertical 
become current moments; units are A/m
The boundary conditions on E⊥ and H⊥ are changed, ΔE⊥
and ΔH⊥ are not zero
Sources are expanded in components with fixed k⊥ (or 
n⊥)



Fourier decomposition of 
sources

• Fourier components of currents are

J(n⊥, z) =
ZZ

J(r⊥, z)e−ik0(n⊥·r⊥)d2r⊥

• For each n⊥, we calculate fields E(n⊥, z) and H(n⊥, z) which are radiated by J(n⊥, z).

• Iinverse transform to calculate the total fields:

E(r⊥, z) =

ZZ
E(n⊥, z)eik0(n⊥·r⊥)

k20d
2n⊥

(2π)2

H(r⊥, z) =

ZZ
H(n⊥, z)eik0(n⊥·r⊥)

k20d
2n⊥

(2π)2



Boundary condition modification 
by electric currents

• Current in a thin layer:
J(z) = Iδ(z − z0)

where δ(z) is Dirac’s delta function.

• Horizontal sources in arbitrary medium:

∆E⊥ = 0

∆H⊥ = I⊥ × ẑ

In vacuum in the presence of vertical sources, ∆E⊥ = n⊥Z0Iz, ∆H⊥ is the same [Lehtinen
and Inan, 2008].



u and d from Δu and Δd
• The change in amplitude is related to the change in field:µ

∆u
∆d

¶
= F−1

µ
∆E⊥
∆H⊥

¶

• Let us find

— u+ ≡ u(z0 + 0) and d+ ≡ d(z0 + 0) above the current sheet
— u− ≡ u(z0 − 0) and d− ≡ d(z0 − 0) below the current sheet

They are related by

u+ = u− + ∆u

d+ = d− + ∆d

• Use reflection coefficients at z0:

d+ = Ruu+

u− = Rdd−

• Solving, we find
u+ = (1 − RdRu)−1(∆u − Rd∆d) etc



Difficulty when taking inverse Fourier 
trasform n⊥

 

→ r⊥
 

: resonances



Solution: change the rectangular 
mesh in n⊥

 

space to a polar mesh



Examples



Example 1: ELF/VLF radiation by 
modulated polar electrojet



ELF/VLF radiation by modulated 
electrojet



Collimated whistler beam and 
wave in Earth-ionosphere waveguide



Poynting vector at satellite 
altitude (h=700 km)



Understanding the energy flow 
from the electrojet “antenna”

The Earth-ionosphere waveguide mode “leaks”
into ionosphere



Efficiency of emission as a function 
of modulation frequency

Because of the resonance in the Earth-
ionosphere waveguide, some frequencies are 
more efficient



Example 2: Trans-ionospheric 
propagation from a ground-based 

transmitter



Ground-based transmitter 
radiation

•The fields radiated by a VLF transmitter can be calculated both at the 
satellite and on the ground

•VLF waves incident on ionosphere become whistlers



Field of NWC transmitter 
(Australia) at satellite, h=700 km

NWC 
transmitter, 
θB=35o

f=19.8 kHz, 
P=1 MW
Nighttime Ne

Collision 
rate νe
[Vuthaluru et 
al, 2002]
Nonducted
propagation 
to 700 km



Example 3: V-shaped structures in 
satellite spectrograms



Energy flux at different frequencies at 
120  and 0 km altitudes

VLF “streaks” on the distance-frequency spectrogram
Similar “streaks” could be observed on the ground

120 km 0 km



DEMETER Observations 
[Parrot et al, 2008]

On path: V-shaped

Off path: U-shaped



Calculated VLF “streaks” 
on and off-path of a satellite



Example 4: Time-domain calculations: 
Sferic waveform



Time-domain calculations

Apply an inverse Fourier transform: 
ω → t to the field calculated for a set 
of ω



Negative cloud-to-ground (CG-) 
lightning current (Bruce-Golde model)

Return stroke current: I(t) = I0
¡
e−αt − e−βt

¢
where I0 = 30 kA, α = 4.44 s

−1, β = 4.65 s−1

Continuing current: I0 = 2 kA, α = 10
3 s−1, β = 104 s−1.

Upward current moment: I
R
v dt where v = v0e−ηt, v0 = 87 m/s; η = 34 s−1



Calculated sferic

The pulses correspond to multi-hop reflections between ionosphere 
and the Earth surface



FWM vs FDTD

FWM might take longer because it is 
in frequency domain (many different 
frequencies have to be considered)
However, for new shapes of I(t) no 
new FWM calculations are required 
(old calculations can be re-used)



Example 5: Scattering of VLF 
transmitter waves by ionospheric 

disturbances



Scattering of transmitter VLF waves 
by the modified region

Scattered VLF waves are observed as “early”
events
We use Born approximation with the FWM to 
calculate the scattered field



Experimental measurement of ELVES 
“early” events [Mika et al, 2006]

• ~400 km distance

• ~10o off the GCP

• 0.2 dB

Typical:

• I > 100 kA

• 0.2-0.7 dB



Ionization change 
[Marshall et al, 2008]

The change of electron density is due to attachment and ionization 
Vertical discharge creates a doughnut-shaped perturbation
25 V/m corresponds to 92.5 kA (but depends also on pulse length)



Born approximation for scattered 
wave calculation

The wave equation
∇× (∇×E)− k20 ε̂E = 0

where ε̂ = ε̂strat +∆ε̂ and E = Exmtr +Escatt. We have

∇× (∇×Escatt)− k20 ε̂stratEscatt = k20∆ε̂(Exmtr +Escatt)

We use Born approximation: the field inside the scattering region is assumed
to be Exmtr, i.e. we neglect Escatt:

∇× (∇×Escatt)− k20 ε̂stratEscatt = k20∆ε̂Exmtr = ik0Z0∆J

where ∆J are additional currents induced by the VLF wave due to the change
in electron density.
If the Born approximation is not accurate enough, second Born approxima-

tion (substitute calculated Escatt into rhs) etc may be considered.



The scattered VLF field on the ground

scattering region

scattering region
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