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23.1 Notations used in the next two lectures

We use bold type for vectors, e.g., A (with components Ai) and sans-serif font with

arrow on top for two dimensional tensors, e.g., A
↔

(with components Aij). The diadic

product of two vectors constitutes a tensor, e.g., C
↔

= abT . Unit vectors are indicated
with regular slanted type with a hat, e.g. n̂. Averaging over some variable x is denoted
with angular brackets as 〈·〉x. The following tensors are commonly used:

I
↔

— unit tensor;

I
↔

‖ = n̂n̂T — “parallel” projection tensor on a chosed direction n̂;

I
↔

⊥ = I
↔
− n̂n̂T — “perpendicular” projection tensor.

The nabla operator ∇ is generally treated like a vector. The divergence of a tensor

is denoted as a = ∇A
↔

, the result of which is a vector with components aj = ∂iAij.

Sometimes we use a gradient of a vector B
↔

= ∇bT , the result of which is a tensor with
components Bij = ∂ibj.
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23.2 Fokker-Planck equation (FPE)

The Fokker-Planck (FP) equation approach is used for simplifying the collision integrals
in the rhs of Boltzmann equation. In most of the Plasma Physics course, we assumed that
plasma is collisionless and used Vlasov’s equation (which is just a Boltzmann equation
with zero rhs). However, often one has to deal with collisional plasmas. The electrons in
plasma may collide with neutral molecules and atoms, ions or other electrons. Often the
changes to electron velocities or energies are small, and in this case the collision integral
can be simplified for computational purposes to a differential form (the FP equation).

The derivation of Fokker-Planck equation (FPE) is beautifully explained in D. R. Nichol-
son, “Introduction to Plasma theory”, Appendix B, J. Wiley and Sons, New York (1983).
Here we give just an outline of this derivation.

Consider a time-dependent distribution of particles f(x, t) over a generalized coordi-
nate x. The distribution at moment t+ ∆t is dependent on value at t:

f(x, t+ ∆t) =
∫

f(x− ξ, t)ψ(x− ξ, ξ) dξ (23.1)

where ψ(x′, ξ)dξ is the transition probability, i.e. the probability of the coordinate change
in time ∆t, from x′ to a new coordinate x′ + ξ lying in an interval of size dξ. Equation
(23.1) implies that f(t+ ∆t) is independent of values of f at times ealier than t, i.e., it
describes a so-called Markov process.

Let us assume that the coordinate x does not change by large values in small time
intervals. For example, if x is a particle velocity, the collisions change it only by a small
amount. Then we can expand in Taylor series:

f(x− ξ, t)ψ(x− ξ, ξ) = f(x, t)ψ(x, ξ) +
∞
∑

n=1

(−1)n ξ
n

n!

d

dxn
(f(x, t)ψ(x, ξ))

Substituting into equation for f(x, t+ ∆t), we get

f(x, t+ ∆t) = f(x, t) +
∞
∑

n=1

(−1)n d

dxn

{

f(x, t)
∫

ψ(x, ξ)
ξn

n!
dξ

}

where we used the fact that ξ and x are independent variables and
∫

ψ(x, ξ) dξ = 1.
Notice that

∫

ψ(x, ξ)ξn dξ = 〈ξn〉, where the angular brackets 〈·〉 denote the statistical
(or ensemble) average. Now, to find the time derivative, let us take the limit t→ 0. This
has to be done in such a way that ∆t becomes small compared to any macroscopic
time scale, while it still remains large compared with time intervals between individual
coordinate change events (collisions), so that the changes ξ are independent at times
differing more than by ∆t. We will denote this as t→ ‘0’. Let us introduce

D(n) = lim
∆t→‘0’

〈ξn〉
n!∆t
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The equation for time evolution of f(x, t) with this notation is

∂f(x, t)

∂t
=

∞
∑

n=1

(−1)n d

dxn

(

D(n)f(x, t)
)

The FPE is defined as this equation truncated after n = 2:

∂f(x, t)

∂t
= − d

dx

(

D(1)f(x, t)
)

+
d

dx2

(

D(2)f(x, t)
)

In problems considered in physics and later in this lecture, D(3) and higher terms are
≤ O(∆t), and therefore vanish as we take the limit t→ ‘0’.

This derivation can be generalized to an n-dimensional case, described by a distribu-
tion of particles f(x1, . . . , xn, t) in space with generalized coordinates xk. We have

∂tf =
∞
∑

l=1

(−1)l
∑

k1,...,kl

∂xk1
· · · ∂xkl

(D
(l)
k1,...,kl

f) (23.2)

where ∂ denotes the partial derivative in respect to the variable in the subscript. The
tensors D

(l)
k1,...,kl

are

D
(l)
k1,...,kl

=
1

l!
lim

∆t→‘0’

〈∆xk1
· · ·∆xkl

〉
∆t

where ∆xi are the changes in variables xi in time ∆t due to random collisions and other
processes. Again, the FPE is understood as (23.2) truncated after l = 2.

23.3 FPE in momentum space and interpretation of

coefficients D

We consider FPE in momentum space,

∂f(p)

∂t
= −∇p[D(1)f(p)] + ∇p[∇p(D

↔
(2)f(p))] (23.3)

where

D(1) = lim
∆t→‘0’

〈∆p〉
∆t

and D
↔

(2) is a second rank tensor

D
↔

(2) =
1

2
lim

∆t→‘0’

〈∆p∆pT 〉
∆t

Here ∆p∆pT is a dyadic product of vector ∆p with itself. In the second term of (23.3),
the inner ∇p is the divergence of a tensor (the result of which is a vector).
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In general, D(1) is due to changes in particle momenta due to both external force
and random collisions. Without external force, it is usually directed along (−p), and
slows the particle down. However, the decrease of average vector momentum can be due

to spreading in particle directions (which is described by the term with D
↔

(2)) and thus
not equal to the decrease of the absolute value of momentum vector. Since ∆(p2) =
2p · ∆p + (∆px)

2 + (∆px)
2 + (∆pz)

2, we have an effective “force” (the dynamic friction
coefficient)

F1 = p̂
〈∆ |p|〉

∆t
=

p̂

2 |p|
〈∆(p2)〉

∆t
= D(1) +

p̂

|p|TrD
↔

(2)

where p̂ is the unit vector along p and Tr denotes the trace operation.
Equation (23.3) is usually rewritten as

∂f(p)

∂t
= −∇p[(D(1) −∇pD

↔
(2))f(p)] + ∇p[D

↔
(2)∇pf(p)] (23.4)

Thus, D
↔

(2)∇pf(p) can be interpreted as a flux of particles due to diffusion (in momentum

space) with a diffusion coefficient D
↔

(2), and

F2 = D(1) −∇pD
↔

(2)

as the force acting on particles. If the diffusion does not change the absolute value
p = |p|, then both interpretations of the force are the same, F1 = F2, or

−∇pD
↔

(2) =
p̂

|p|TrD
↔

(2) (23.5)

23.4 Calculation of D(1,2) due to small-angle collisions

with elastic fixed centers

Let the momentum before collision be p = pn̂ and after collision p′ = pn̂′. The absolute
value stays the same in elastic collisions. The change of momentum is

∆p = p(n̂′ − n̂)

Then the needed coefficients are

D(1) = p
〈(n̂′ − n̂)〉

∆t

D
↔

(2) =
p2

2

〈(n̂′ − n̂)(n̂′ − n̂)T 〉
∆t

If we choose coordinate system so that p = pẑ, then

n̂′ − n̂ = −ẑ(1 − cos θ) + (x̂ cosφ+ ŷ sinφ) sin θ

4



Here θ, φ give the direction of the scattering Ω. To find the average over Ω, we take
into account axial symmetry to average over φ, so that 〈sin2 φ〉 = 〈cos2 φ〉 = 1/2 and
〈sinφ cosφ〉 = 0. We get

〈n̂′ − n̂〉Ω = −〈1 − cos θ〉n̂ (23.6)

〈(n̂′ − n̂)(n̂′ − n̂)T 〉Ω =
1

2
〈sin2 θ〉 I

↔

⊥ + 〈(1 − cos θ)2〉 I
↔

‖ (23.7)

where we introduced the projection operators I
↔

‖ = n̂n̂T and I
↔

⊥ = I
↔
− n̂n̂T , I

↔
being the

unit operator. I
↔

⊥ has the following properties:

I
↔

⊥n̂ = 0 (23.8)

Tr I
↔

⊥ = 2 (23.9)

I
↔

⊥ = p∇pn̂
T = p∇p∇T

pp (23.10)

where in the last equation a diadic product is taken. Proof of (23.10): ∂kpl = δkl =
∂k(pn̂l) = p∂kn̂l + n̂kn̂l, where we used ∂kp = n̂k. Equation (23.10) can be used to find

the divergence ∇p I
↔

⊥ = −∇p(n̂n̂T ),
∑

k ∂k(n̂kn̂l) = ( I
↔

⊥n̂)l/p+ n̂lTr I
↔

⊥/p = 2n̂l/p:

∇p I
↔

⊥ = −2n̂

p

and

∇p(f(p) I
↔

⊥) = −f(p)
2n̂

p
(23.11)

for arbitrary function f(p).
We use these properties to find

〈|n̂′ − n̂|2〉Ω = Tr 〈(n̂′ − n̂)(n̂′ − n̂)T 〉Ω = 2〈1 − cos θ〉 (23.12)

Under the assumption of small-angle collisions equations (23.6–23.7) become

〈n̂′ − n̂〉Ω ≈ −〈θ2〉
2
n̂ (23.13)

〈(n̂′ − n̂)(n̂′ − n̂)T 〉Ω ≈ 〈θ2〉
2

I
↔

⊥ (23.14)

where we neglected 4-th power of θ and higher.
The small-angle collisions are best described in terms of momentum transfer rate

νm, since the total cross-section, and therefore the collision frequency νc = 1/∆t can be
infinite (e.g., for Coulomb potential). It is defined as

νm =
〈1 − cos θ〉

∆t
≈ 1

2

〈θ2〉
∆t
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From (23.13–23.14) we get

D(1) = −νmp

D
↔

(2) = D(p)p2
I
↔

⊥

where D(p) = νm/2 can be considered as the angular diffusion coefficient. Note that any

D
↔

(2) ∼ I
↔

⊥, such as this one, conserves the absolute value of the momentum. Therefore,
(23.5) is valid:

∇pD
↔

(2) = −2pD(p) = − p

p2
TrD

↔
(2) = −νmp

and the dynamic friction is F = D(1) −∇pD
↔

(2) = 0, as expected for elastic collisions.

23.5 Nonrelativistic applications of FPE

Consider collisions with centers of mass M , assuming that f describes particles of mass
m. Example of this is electron distribution in an ambient gas of molecules, and we will
call the particles by those names hereafter. We also will assume that molecules move
with speed V, which has properties 〈V〉 = 0, and 〈V 2〉 = 3T/M , where T is an effective
molecule temperature. We assume nonrelativistic motion here, so that to get velocities
in the a different reference frame we use vector addition of velocities.

It is convenient, beside the velocities v and V, to use the relative velocity and the
center of mass velocity

vr = v − V (23.15)

vCM =
mv +MV

M +m
(23.16)

These variables are convenient because vCM does not change in collisions and vr can be
treated as a velocity of a particle having reduced mass

µ =
mM

M +m

moving in the field of a static scatterer (instead of particle of mass m moving with
velocity v in the field of non-static scatterer of mass M). The inverse transformation
from vr, vCM to v, V is

v =
M

M +m
vr + vCM (23.17)

V = − m

M +m
vr + vCM (23.18)
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The collision process is most easily described in terms of relative velocity. From
(23.6–23.7), (23.12) we obtain for averages over the scattering direction:

νc(vr)〈∆vr〉Ω = −νm(vr)vr (23.19)

νc(vr)〈|∆vr|2〉Ω = 2νm(vr)v
2
r (23.20)

(in these equation we did not use the requirement for ∆vr to be small).
The collision rates νc, νm now depend on vr, not on v. This has to be taken into

account when averaging over v or V.

23.5.1 Heavy scatterers of finite mass

We will now relax the requirement of small-angle collisions. Then it would be impossible
to write down FP equation for the vector velocities v. However, if m≪M (which is the
case of electron colliding with molecules), the energy changes during the collisions are
small, and therefore we still can write FP equation for electron energies E = mv2/2. We
will assume that electrons have an isotropic distribution and that their state is completely
defined by energy distribution n(E) such that n(E) dE equals to the number density of
electrons in energy interval dE around E .

We will sometimes make use of the smallness of parameter α =
√

m/M . From the

energy equipartition theorem, mv2 ∼MV 2, and therefore V/v ∼ α, (mv)/(MV ) ∼ α.
Using transformations (23.17–23.18), we can exress the electron energy in terms of

vr and vCM:

E =
mv2

2
=
mv2

CM

2
+

M

M +m

µv2
r

2
+ µ(vr · vCM)

The total energy in the collision is separated into “relative” energy and the energy of
the system as a whole:

Etot =
mv2

2
+
MV 2

2
=
µv2

r

2
+

(M +m)v2
CM

2

For elastic collisions Etot does not change and the change of electron energy is

∆E = µ(∆vr · vCM) (23.21)

Using (23.19), the average of this change over scattering direction is obtained:

νc〈∆E〉Ω = −µνm(vr)(vr · vCM)

Using (23.15–23.16), we have

vr · vCM =
2(E − EM)

M +m
+
M −m

M +m
(v · V)
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where EM = MV 2/2. Now, let us average over the electron and molecule velocities v.
The term ∼ (v · V) would go away if it were not for dependence νm(|v − V|). Let us
use V ≪ v to expand

νm(vr) = νm(|v − V|) ≈ νm(v) −m(v · V)
dνm

dE
(we used dνm/dE = (dνm/dv)/(mv)). Neglecting terms ∼ m/M , we get

〈νc∆E〉v = −2m

M
νm(E − EM) +m2dνm

dE 〈(v · V)2〉v

Using

〈(v · A)(v · B)〉v =
v2

3
A · B (23.22)

we obtain the (almost) final answer

〈νc∆E〉v = −2m

M
νm(E − EM) +

4m

3M
EEM

dνm

dE
Now, we can average over V. Since the molecules have a thermal distribution, we use
〈EM〉V = 3T/2:

〈νc∆E〉 = −2m

M
νm

(

E − 3

2
T
)

+
2m

M
TE dνm

dE (23.23)

To write FP equation for the energy E = mv2

2
, beside 〈νc∆E〉 we also need 〈νc(∆E)2〉.

Using (23.21), and vCM ≈ V, we get:

(∆E)2 ≈ m2(∆vr · V)2

It is more convenient to average first over V, keeping ∆vr constant. We make a small
error in doing this (due to the fact that V is not completely isotropic relative to vr), but
we neglect it. Using (23.22) again, we get

〈(∆E)2〉V =
m2

3
(∆vr)

2〈V 2〉 =
m2

M
T (∆vr)

2

Finally, use (23.20) to average over the scattering direction and the final answer is

〈νc(∆E)2〉 =
4m

M
νmET (23.24)

The FP equation in the form (23.4) is

∂n(E)

∂t
=

∂

∂E

(

D
∂n

∂E − Fn

)

(23.25)
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where n(E) is the energy distribution function and

F (E) = 〈νc∆E〉 − 1

2

∂〈νc(∆E)2〉
∂E = −2

m

M
νm

(

E − T

2

)

(23.26)

D(E) =
1

2
〈νc(∆E)2〉 = 2

m

M
νmTE (23.27)

Note that in an K-dimensional gas there is a requirement that

F (E)

D(E)
= − 1

T
+
K − 2

2E (23.28)

in order to get a stationary Maxwellian distribution n(E) = n0CE (K−2)/2e−E/T (where

C =
[

TK/2Γ(K/2)
]−1

for correct normalization, e.g., C = 2/
√
πT 3 for K = 3). Some-

times to shorten the equation one uses F ′ = F − (K−2)D
2E

and writes Boltzmann equation
as

∂n(E)

∂t
=

∂

∂E

[

D′EK/2 ∂

∂E

(

n

E (K−2)/2

)

− F ′n

]

(23.29)

where D′ = D/E . Then the requirement (23.28) becomes simply F ′/D′ = −E/T . The
kinetic equation for K = 3 in form (23.29) is

∂n(E)

∂t
=

∂

∂E

[

2m

M
νmTE3/2 ∂

∂E

(

n

E1/2

)

+
2m

M
νmEn

]

(23.30)

23.5.2 Rosenbluth potentials

Now, let us consider Coulomb collisions. They have the property that the change ∆v is
small in each collision, so we can again use the approach of Section 23.3 and write the
FP equation for the vector velocity v. The requirement m ≪ M can now be relaxed.
In fact, we can even take M = m, so that this equation can now be used not just
for collisions of electrons with heavy ions, but also for electron-electron collisions. It

turns out that for Coulomb collisions the expressions for D(1) and D
↔

(2) can be written
in terms of so called Rosenbluth potentials, which satisfy certain relations that lead to
some simplification in Boltzmann equation. Here, we will just show the basics. For more
information, see I. P. Shkarofsky, T. W. Johnston and M. P. Bachinski “The Particle
Kinetics of Plasmas”, Addison-Wesley, Palo Alto (1966).

The differential Coulomb cross-section for collision of particles of charges Q1 and Q2

is
dσ

dΩscat

=
b20

4 sin4(θ/2)
,

dσ

dθ
=
πb20 cos(θ/2)

sin3(θ/2)
, b0 =

|Q1Q2|
4πε0µv2

r

(23.31)

where vr is the relative velocity, µ is the reduced mass, θ is the scattering angle for the
relative velocity. We see that the total cross-section σ =

∫ π
0 (dσ/dθ) dθ is infinite, because
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there is a large contribution from small angles θ. The angle θ is related to the target
parameter b through the relation

b =
b0

tan(θ/2)

so that b0 has the meaning of the target parameter needed for 90◦ scattering. In plasma,
we can limit the maximum target parameter by the Debye length bm = λD, which
corresponds to a minimum scattering angle of θm given by

sin(θm/2) =



1 +

(

bm
b0

)2




−1/2

≈ b0
bm

since bm ≫ b0. The total momentum transfer cross-section is

σm =
∫ π

θm

dσ

dθ
(1 − cos θ) dθ ≈ 4πb20 log Λ =

m2Y

µ2v4
r

, Y = 4π
(

Q1Q2

4πε0m

)2

log Λ

where log Λ = log(bm/b0) is the Coulomb logarithm. For most problems, log Λ ≫ 1,
which means that most collisions are small-angle collisions. The momentum transfer
rate is

νm = Nsvrσm(vr) = Ns
m2Y

µ2v3
r

where Ns is the density of scatterers at velocity V. Using (23.17), we have

∆v =
µ

m
∆vr

From formulas for small-angle collisions (23.13–23.14), we have, for fixed V and v:

νc〈∆v〉Ω = − µ

m
νm(vr)vr = −Ns

mY

µv3
r

vr = Ns
mY

µ
∇vr

(

1

vr

)

(23.32)

νc〈∆v∆vT 〉Ω =
(

µ

m

)2

νm(vr)v
2
r I
↔

⊥ = Ns
Y

vr

I
↔

⊥ = NsY∇vr
∇T

vr
vr (23.33)

Here we used (23.10) in the last equation. At the next step, we use ∇vr
≡ ∇v and inte-

grate over scatterer velocities V using Ns = F (V) d3V where F (V) is their distribution.
We get

D(1) = 〈νc∆v〉 = Y
(M +m)

M
∇v

∫ F (V)

|v − V| d
3V

D
↔

(2) =
1

2
〈νc∆v∆vT 〉 =

Y

2
∇v∇T

v

∫

F (V) |v − V| d3V
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We can introduce functions H(v) and G(v) called Rosenbluth potentials:

H(v) =
(M +m)

M

∫ F (V)

|v − V| d
3V

G(v) =
∫

F (V) |v − V| d3V

and get relatively simple expressions

D(1) = Y∇vH(v)

D
↔

(2) =
Y

2
∇v∇T

vG(v)

Some simplification in Boltzmann equation arises from these relations:

∇2
vG =

2MH

M +m

∇2
vH = −4π(M +m)F (v)

M
∇4

vG = −8πF (v)

etc.
For the case of electron-electron collisions, after a lot of math one can get the following

collision integral for the energy distribution function n(E), which is normalized in such
a way that

∫

n(E) dE = Ne. It is given here for reference [see, e.g., W. L. Morgan and
B. M. Penetrante, Computer Physics Communications, 58, 127 (1990)]:

(

∂n

∂t

)

e-e
=

√

m3

18
Y

[

3

E1/2
n2 + 2E3/2∂ψ

∂E
∂

∂E

(

∂n

∂E − n

2E

)

+
ψ

E1/2

(

∂n

∂E − n

2E

)]

where

ψ(E , t) = 3
∫ E

0
n(E ′) dE ′ − 1

E
∫ E

0
E ′n(E ′) dE ′ + 2E1/2

∫ ∞

E

n(E ′)

E ′1/2
dE ′

23.6 Small energy losses in inelastic collisions

Consider a process in which an electron excites an infinitely heavy molecule from discrete
lower energy level to discrete upper (excited) energy level. For simplicity, assume levels
are non-degenerate. The energy distance between levels is Es. In a thermal gas, if the
population density of lower level is Ns, then the population density of the excited level
is N∗

s = Nse
−Es/T . The electrons can also collide with the excited molecules and gain

energy from de-excitation. This process is called “superelastic collision”. The inelastic
cross-section σs(E) and superelastic cross-section σ∗

s(E) are related by

Eσs(E) = (E − Es)σ
∗
s(E − Es) (23.34)
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This equation can be derived in two ways. In the first way, we can consider detailed
balance when the electrons also have thermal distribution with temperature T . The
relation (23.34) has to be satisfied in order for the electron distribution n(E) to be
stationary for any T . Another way is to look at the dynamics of an electron. We can
relax the infinite mass requirement and consider relative motion of the electron with
reduced mass µ and relative velocity vr. Let b be the target parameter. Denote with
primes the variables after inelastic collision (or before superelastic collision), so that the
energy conservation is

E ′
r =

µv′r
2

2
= Er − Es =

µv2
r

2
− Es

The “relative” angular momentum is conserved in the collision, so

µvrb = µv′rb
′

By squaring the last equation and taking its differential we have Er(2πb db) = E ′
r(2πb

′ db′),
or Er dσs = E ′

r dσ
∗
s . The solid angle for direct and reverse process is the same, so we have

Er
dσs

dΩ
(Er, θ) = E ′

r

dσ∗
s

dΩ
(E ′

r, θ) (23.35)

by integrating which we get (23.34).
Using (23.34), we find that the collision rates ν = Nvσ for inelastic and superelastic

process are related by

ν∗s (E) = N∗
s v(E)σ∗

s(E) = νs(E + Es)

√
E + Ese

−(E+Es)/T

√
Ee−E/T

Now, assume that the energy losses are small, Es ≪ E , T . Then we can find the Fokker-
Planck coefficients

〈νs∆E〉 = −Esνs(E) + Esν
∗
s (E)

= Es
1√

Ee−E/T

[

−νs(E)
√
Ee−E/T + νs(E + Es)

√

E + Ese
−(E+Es)/T

]

≈ Es√
Ee−E/T

Es
d

dE
[

νs(E)
√
Ee−E/T

]

= E2
s

[

dνs

dE + νs

(

− 1

T
+

1

2E

)

]

and
1

2
〈νs(∆E)2〉 =

E2
s

2
[νs(E) + ν∗(E)] ≈ E2

s νs(E)

The Fokker-Planck equation in form (23.29) becomes

∂n

∂t
=

∂

∂E

[

E2
s νs

√
E ∂

∂E

(

n√
E

)

+
E2

s νs

T
n

]

12



We see that the requirement on the coefficients (23.28) holds. By considering also elastic
losses, we see that we have to change in (23.30)

2mνm

M
→ 2mνm

M
+

E2
s

TE νs (23.36)

Let us consider a common application of this result.

23.6.1 Energy correction for rotation inelastic collisions

In molecular gases such as N2, O2 and H2, the rotational transitions (<∼10−3 eV) are
easily excited by electrons with energies of a fracton of 1 eV. The rotational excitations
may make a much greater contribution than the elastic collisions to the changes in the
electron energies. This is due to the fact that the electron interacts with the quadrupole
moment of the molecule at greater distances than elastic interaction. Here we just give
the final result for the contribution of the rotation excitation mechanism to the kinetic
equation (24.13). [For derivation, see E. Gerjuoy and S. Stein, Phys. Rev., 97, 1671
(1955)]. The momentum transfer rate νm should be changed in (23.30) and (24.13) in
the next Lecture, but not in (24.12) in the following way:

2mνm

M
→ 2mνm

M
+Nvσ0

4B

E
whereN is the density of molecules with quadrupole moment, B is the rotational constant
(defined from the rotational energy levels EJ = BJ(J + 1), B ∼ 10−4 eV) and

σ0 =
8π

15
a2

0Q
2

where Q ∼ 1 is the molecule quadrupole moment in units of ea2
0 (cgs system of units) and

a0 ≈ 5.3 × 10−11 m is the Bohr radius. Note that this result is not completely identical
to (23.36) because we must sum over many different rotational transition processes.

23.7 [Optional] Effect of quasi-static electric field

In our derivation above for FP equation for the energy distribution function, we assumed
large-angle scattering. The FP derivation was possible because we assumed that electron
velocity distribution is isotropic. If an electric field is applied to the system, however, the
distribution is not isotropic, and calculation of some moments cannot be done without
spherical harmonic expansion of f(v) (see, e.g., Dr. Victor Pasko’s lecture for this course
or the next Lecture). It is interesting, however, that we can still calculate some moments
of ∆E . We have to be very careful to remember that the action of electric field on
electron produces continuous change of electron energy ∆E . We have

∆EE = mv · v̇∆t = −eE · v∆t (23.37)

13



One of the assumptions for FPE is that the change ∆E in time interval ∆t is independent
from other time intervals. It means that ∆t has to be large enough for the electron has
to “forget” its velocity through collisions, so that (E ·v) at t becomes independent from
its value at moment t − ∆t. This requirement is equivalent to the requirement of the
spherical harmonic expansion approach that the distribution has to be (almost) isotropic.
Another note to be made here is that ∆EE is independent in the statistical sense from
∆E due to collisions so that the moments that we obtain now can be simply added to
expressions (23.26–23.27).

Using (23.37), 〈∆EE〉/∆t = −e〈E ·v〉 and it would be zero for isotropic distribution.
However, when electric field is applied to the system, the distribution is deviating from
isotropic, and this is not zero. We cannot calculate it if we don’t know the anisotropic
part of the distribution function. However, in the calculation of the second moment
〈(∆EE)2〉, the isotropic part gives the biggest nonzero contribution.

Assuming E ‖ ẑ:

DE =
〈(∆EE)2〉

2∆t
=

e2E2

2∆t

〈[

∫ ∆t

0
vz(t) dt

]2〉

=
e2E2

2∆t

∫ ∆t

0

∫ ∆t

0
〈vz(t1)vz(t2)〉 dt1 dt2

=
e2E2

2

∫ +∞

−∞
〈vz(0)vz(τ)〉 dτ =

e2E2

6

∫ +∞

−∞
〈v(0) · v(τ)〉 dτ

Here in the second line we changed integration variables to τ = t2 − t1 and t = t1 and
integrated over t (getting a factor ∆t) assuming that the velocity correlation function
〈vz(t1)vz(t2)〉 depends only on time difference (v(t) is a stationary random process). We
extended integration over τ to infinity, because of our assumptions of independence of v
at time intervals > ∆t. In the last step we used isotropicity of v.

To find the correlation 〈v(0) ·v(τ)〉 we have to sum over the number of collisions that
electron experiences between t = 0 and t = τ . The probability of n collisions is given by
Poisson distribution:

P (n, |τ |) =
(νc |τ |)n

n!
e−νc|τ |

So,

〈v(0) · v(τ)〉 = v2e−νc|τ |
∞
∑

n=0

(νc |τ |)n

n!
〈cos γn〉

where γn is the angle between original velocity and velocity after n collisions. Since
after 1 collision 〈v′

1〉 = v〈cos θ〉 after averaging over angles, after n collisions we have
〈v′

n〉 = v〈cos θ〉n. Therefore,
〈cos γn〉 = 〈cos θ〉n

where θ is the angle change in a single collisions. Thus, we get

〈v(0) · v(τ)〉 = v2e−νc|τ |
∞
∑

n=0

(νc |τ | 〈cos θ〉)n

n!
= v2e−νc(1−〈cos θ〉)|τ | = v2e−νm|τ |

14



Substituting this into expression for DE and integrating over τ , we get

DE =
e2E2

6
v2 2

νm

=
2e2E2

3mνm

E

A derivation for the complete equation for n(E) is given in the next Lecture by utiliz-
ing spherical harmonic expansion which also takes care of the anisotropic part of the
distribution function.
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24.1 Spherical harmonic expansion

Let f(v, t) be the electron distribution function in velocity space, normalized so that
∫

f(v, t)d3v = Ne. The kinetic equation for f(v, t) is

∂f

∂t
− e

m
(E + v × BE) · ∇vf =

(

∂f

∂t

)

c

(24.1)

Here e = −qe > 0, E = E(t) is the electric field of the wave and BE = const is the
local geomagnetic field. We neglect the action of the magnetic field of the wave on the
non-relativistic electrons, since this is small compared to the action of electric field.

We use the fact that f(v, t) is not excessively anisotropic to expand it in a spherical
harmonic series:

f(v, t) =
∞
∑

l=0

l
∑

m=−l

Y m
l (Ω)fm

l (v, t)

where v = |v| and Ω = (θ, φ) determines the direction of v, θ and φ being the polar and
azimuthal angle. The spherical harmonics are

Y m
l (Ω) = Y m

l (θ, φ) =

√

√

√

√

2l + 1

4π

(l −m)!

(l +m)!
Pm

l (cos θ)eimφ
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where the associated Legendre polynomials Pm
l are given by

Pm
l (cos θ) =

(−1)m

2ll!
(sin θ)m dl+m

(d cos θ)l+m
(sin θ)2l

P−m
l (cos θ) = (−1)m (l −m)!

(l +m)!
Pm

l (cos θ)

where m ≥ 0. The spherical harmonics satisfy the orthonormality relation:

∫

4π
Y m

l (Ω)(Y m′

l′ (Ω))∗dΩ = δmm′δll′

We neglect all terms except l = 0 and l = 1 and use the explicit formulas

Y 0
0 (θ, φ) =

1√
4π

Y −1
1 (θ, φ) =

√

3

8π
sin θe−iφ

Y 0
1 (θ, φ) =

√

3

4π
cos θ

Y 1
1 (θ, φ) = −

√

3

8π
sin θeiφ

and therefore look for the solution in the form

f(v, t) =
1√
4π
f 0

0 (v, t) +

√

3

4π

[

f 0
1 (v, t) cos θ +

(

e−iφf−1
1 (v, t) + eiφf 1

1 (v, t)√
2

)

sin θ

]

This can be written as
f(v, t) = f0(v, t) + v̂ · f1(v, t) (24.2)

where v̂ = v/v = x̂ sin θ cosφ+ ŷ sin θ sinφ+ ẑ cos θ is the unit vector in the direction of
v and

f0(v, t) =
1√
4π
f 0

0

f1(v, t) =

√

3

4π

(

f−1
1 + f 1

1√
2

x̂+
−if−1

1 + if 1
1√

2
ŷ + f 0

1 ẑ

)

We substitute the expansion (24.2) into (24.1) and use the orthogonality of spherical
harmonics to obtain equations for f0 and f1. We utilize the following useful relations

17



which involve I
↔

⊥ = I
↔
− v̂v̂T and I

↔

‖ = v̂v̂T , operators projecting onto the plane perpen-

dicular to v̂ and on the direction of v̂. Their sum is I
↔

⊥ + I
↔

‖ = I
↔

, the unit operator. We
have

∇v(v̂f1) = I
↔

⊥
f1
v

+ I
↔

‖
∂f1
∂v

(24.3)

〈

I
↔

‖

〉

Ω
=

1

3
I
↔

(24.4)

〈

I
↔

⊥

〉

Ω
=

2

3
I
↔

(24.5)

The last two are equivalent to
〈

I
↔

‖A
〉

Ω
= 〈v̂(v̂ · A)〉Ω = 1

3
A and

〈

I
↔

⊥A
〉

Ω
= A− 1

3
A = 2

3
A

where A is an arbitrary vector independent of Ω. The relation (23.22) can be also

obtained from (24.4): 〈(A · v̂)(B · v̂)〉Ω =
〈

AT (v̂v̂T )B
〉

Ω
= AT

〈

I
↔

‖

〉

Ω
B = 1

3
ATB.

Averaging (24.1) over Ω (equivalent to taking a projection onto Y 0
0 ), we get

∂f0

∂t
− eE

m
·
(

2

3

f1
v

+
1

3

∂f1
∂v

)

=

〈(

∂f

∂t

)

c

〉

Ω

(24.6)

Multiplying (24.1) by v̂ and averaging over Ω is equivalent to taking a projection onto
Y −1,0,1

1 . After this operation, we get

1

3

∂f1
∂t

− 1

3

e

m

(

E
∂f0

∂v
+ BE × f1

)

=

〈

v̂

(

∂f

∂t

)

c

〉

Ω

24.1.1 Collision integral

We treat the collision integral as described in Chapter 5 of Yu. P. Raizer,“Gas Discharge
Physics”, Springer, New York (1997). It consists of elastic and inelastic collisions:

(

∂f

∂t

)

c

=

(

∂f

∂t

)

ec

+

(

∂f

∂t

)

ic

The elastic collisions only change the particle direction (there also a small elastic loss
term which was considered earlier using FP approach):

(

∂f

∂t

)

ec

= νc(v)
∫

Ω′

dΩ′ q(θ) [f(Ω′) − f(Ω)]

where νc(v) is the collision rate and

q(θ) =
1

2πσel

dσel

d(cos θ)
=

1

σel

dσel

dΩscat

18



is the probability of scattering into angle θ per unit solid angle. After substitution of
expansion (24.2), we get

(

∂f

∂t

)

ec

= νc(v)
∫

Ω′

dΩ′ q(θ) [(v̂′ − v̂) · f1(v)]

= −(v̂ · f1)νc(v)
∫

Ω′

dΩ′ q(θ)(1 − cos θ) = −(v̂ · f1)νm(v)

where νm = νc〈1 − cos θ〉 is the elastic momentum transfer rate. It is equal to νm for
isotropic scattering and usually is a better measure of elastic collision frequency than νm

for anisotropic scattering. We see that

〈(

∂f

∂t

)

ec

〉

Ω

=

〈(

∂f0

∂t

)

ec

〉

Ω

= 0

〈

v̂

(

∂f

∂t

)

ec

〉

Ω

=

〈

v̂

(

v̂ ·
(

∂f1
∂t

)

ec

)〉

Ω

= −1

3
νmf1

The last equation can include the inelastic scattering, too. In this case, νm is to be
understood as the total momentum transfer rate.

The equation for f1 can be rewritten so that it is expressed in terms of f0:

∂f1
∂t

+ νmf1 − ωH ẑ × f1 =
eE

m

∂f0

∂v
(24.7)

where ωH = eBE/m is the electron gyrofrequency, and ẑ is the direction of BE.

24.1.2 Harmonic E field

Let us assume E = Re Ẽe−iωt and f1 = Re f̃1e
−iωt. The isotropic part f0 is assumed to

change very little during the period of oscillations. Then (24.7) is the real part of the
following equation:

(νm − iω)f̃1 − ωH ẑ × f̃1 = A
↔

(ω)f̃1 =
eẼ

m

∂f0

∂v

so that

f̃1 = A
↔

−1(ω)Ẽ
e

m

∂f0

∂v

where
A
↔

(ω) = (νm − iω) I
↔
− ωHT

↔

Here we introduced one more operator T
↔

defined by T
↔
A = ẑ×A. This operator has the

properties T
↔

I
↔

‖ = 0, T
↔

2 = − I
↔

⊥, T
↔

I
↔

⊥ = T
↔

(where now I
↔

‖, I
↔

⊥ are in respect to ẑ, the
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direction of BE). In the coordinates it is written as

T
↔

=







0 −1 0
1 0 0
0 0 0







To find the inverse of A
↔

, we use the fact that for arbitrary complex numbers α, β (α 6= 0)

(α I
↔

+ βT
↔

)−1 =
[

(α− iβ) I
↔

+ + (α+ iβ) I
↔

− + α I
↔

‖

]−1
=

1

α− iβ
I
↔

+ +
1

α+ iβ
I
↔

− +
1

α
I
↔

‖

Here we introduced projection operators I
↔

+ = ( I
↔

⊥ + iT
↔

)/2 and I
↔

− = ( I
↔

⊥ − iT
↔

)/2 on
counterclockwise (positive, x̂+ iŷ) and clockwise (x̂− iŷ) directions, correspondingly. As

projection operators, they have a property of idempotence ( I
↔

k)
2 = I

↔

k. The rank of I
↔

±,

I
↔

‖ is 1, so these projections can be considered as a transformation to a different system
of coordinates with a complete basis {n̂±, ẑ}. We have

A
↔

−1(ω) =
1

νm − i(ω − ωH)
I
↔

+ +
1

νm − i(ω + ωH)
I
↔

− +
1

νm − iω
I
↔

‖ (24.8)

For propagation along BE, the counter-clockwise Ẽ+ = I
↔

+Ẽ and clockwise Ẽ− = I
↔

−Ẽ
electric field components are usually referred to as extaordinary and ordinary modes.
Note that the extraordinary mode has a resonance at ω = ωH .

Let us now turn to the solution of (24.6), which becomes

∂f0

∂t
− e

3mv2

∂(v2E · f1)
∂v

= Q(f0)

where Q(f0) =
〈(

∂f
∂t

)

ic

〉

Ω
is the inelastic collision integral.

When substituting f1, we have to find the average of the product E · f1 over a period
of oscillations. It is written in terms of complex amplitudes as 1

2
Re (Ẽ∗ · f̃1):

∂f0

∂t
− e2

6m2v2

∂

∂v

(

Re
(

Ẽ∗ · A
↔

−1(ω)Ẽ
)

v2∂f0

∂v

)

= Q(f0)

Let us switch from f0(v) to

n(E , t) = 2π
(

2

m

)3/2

f0





√

2E
m
, t



 E1/2

which is normalized so that
∫

n(E)dE = Ne. Using ∂/∂v =
√

2mE∂/∂E , we get the
kinetic equation for n in form (23.29):

∂n

∂t
=

∂

∂E

(

DE3/2 ∂

∂E
n

E1/2

)

+Q(n) (24.9)
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NOTE: The “diffusion coefficient” used here is D′ from equation (23.29), not D used
throughout most of the previous Lecture. The inelastic collision intergral is

Q(n) =
∑

s

Ns[Rs(E + Es)n(E + Es) −Rs(E)n(E)] (24.10)

The sum is taken over different inelastic processes, with rates Rs(E) = vσs(E), where v
is the velocity and σs are the inelastic cross-sections.

The “diffusion coefficient” in energy space due to elastic collisions is given by

D(E) =
e2 Re (Ẽ∗ · A

↔
−1(ω)Ẽ)

3m
(24.11)

For constant electric field, equation (24.11) becomes

D(E) =
2e2E · A

↔
−1(0)E

3m

where the factor of 2 comes from differences in time averaging of oscillating and constant
cases.

In electric field components,

D(E) = D+(E) +D−(E) +Dz(E) (24.12)

=
e2|Ẽ+|2

3m

νm

(ω − ωH)2 + ν2
m

+
e2|Ẽ−|2

3m

νm

(ω + ωH)2 + ν2
m

+
e2|Ẽz|2

3m

νm

ω2 + ν2
m

where Ẽ±,z = I
↔

±,‖Ẽ. For each component

D±,z =
e2|Ẽ±,z|2

3m

νm

ω2
eff + ν2

m

where ωeff = ω∓ωH for Ẽ± field and ωeff = ω for Ẽz field. With elastic energy losses from
collisions with molecules of mass M and temperature T the kinetic equation becomes

∂n

∂t
=

∂

∂E

[

(

D +
2m

M
νmT

)

E3/2 ∂

∂E
n

E1/2
+

2m

M
νmEn

]

+Q(n) (24.13)

where we used the result (23.30) from the previous Lecture obtained by Fokker-Planck
approach. The same result can be obtained using the spherical harmonic expansion of
the collision integral, but that way is more cumbersome and computationally intensive.
The collision integral Q(n) for T 6= 0 includes superelastic terms, describing the gain of
energy by electrons from excited molecules. If ω = 0, the kinetic equation is the same
(24.13) except for the expression for D(E):

D(E)|ωeff=0 =
2e2|E|2
3mνm
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Comparing to (24.12), we see that the oscillatory electric field has approximately the
same effect as in the DC case, but with a reduced effective value:

Eeff =
E

√

1 +
(

ωeff

νm,eff

)2
(24.14)

with some effective (average) value of collision frequency νm,eff . When νm ≪ ωeff , the
reduction is by a factor of νm,eff/ωeff .

24.2 Analytical solutions of kinetic equation

Under assumption of a constant free path length l = v/νm = (Nσm)−1 = const and
absence of inelastic collisions, an analytical solution of (24.13) (for any one particular
mode) exists. The electrons for T = 0 have a so-called Margenau distribution:

f0(v) = C exp

[

− 3m3

4Me2E2l2
(v4 + 2v2ω2

eff l
2)

]

where E2 = 〈|E|2〉 = |Ẽ±|2/2 is the square of the RMS field and ωeff = ω ∓ ωH . For
ωeff = 0, it turns into a Druyvesteyn distribution, which is significantly different in shape
from a Maxwellian distribution.

24.3 Conductivity

The conductivity tensor is expressed through the anisotropic part of the distribution
function:

J̃ = σ↔Ẽ = −e
∫

v(v̂ · f̃1(v))d3v

from which we obtain the conductivity tensor

σ↔ = −4πe2

3m

∫

A
↔

−1(ω)v3∂f0

∂v
dv

where A
↔

−1(ω) is given by (24.8). In terms of n(E),

σ↔ = −2e2

3m

∫

A
↔

−1(ω)E3/2 ∂

∂E
n

E1/2
dE

For extraordinary and ordinary waves and the parallel component

σ± = −2e2

3m

∫ E3/2

νm − i(ω ∓ ωH)

∂

∂E
n

E1/2
dE (24.15)

σz = −2e2

3m

∫ E3/2

νm − iω

∂

∂E
n

E1/2
dE (24.16)
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The usual conductivity tensor representation in Pedersen, Hall and parallel components
is

σ↔ =







σp −σh 0
σh σp 0
0 0 σz





 (24.17)

which can be written in our notation as σ↔ = σp I
↔

⊥ + σhT
↔

+ σz I
↔

‖, with σp = 1
2
(σ+ + σ−)

and σh = i
2
(σ+ − σ−).
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